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The mechanics of a free surface viscous liquid curtain flowing steadily between two 
vertical guide wires under the influence of gravity is investigated. The Navier-Stokes 
equation is integrated over the film thickness and an integro-differential equation is 
derived for the average film velocity. An approximate nonlinear differential equa-
tion, attributed to G. I. Taylor, is obtained by neglecting the higher order terms. An 
analytical solution is obtained for a similar equation which neglects the surface ten-
sion effects and the results are compared with the experimental measurements of 
Brown (1961). 
1 Introduction 
The process of film flow is used in single and multi-layer 
coating of photographic bases, spinning of liquid films, and 
protective organic coatings at high speed to continuous steel or 
tinplate strip. One method of film coating used in industry is 
to pump fluid through a narrow slot; as the liquid passes 
through this slot, it forms a continuous sheet or curtain which 
falls on the workpiece as it travels underneath. The thickness 
of the coating material applied depends on the mass flux of the 
fluid, the velocity and distance of the workpiece from the slot, 
and the velocity of the fluid. 
The dynamics of liquid sheets have been examined by 
Taylor (1959a, b, c), who studied the shapes of axially sym-
metric "water bells," capillary waves, and the disintegration 
of thin sheets of fluid. The stability of a liquid film with large 
viscosity was studied by Yeow (1974), who considered only the 
viscous and pressure terms in the momentum equation. By 
means of linear stability analysis, he formulated a set of eigen-
value problems and obtained the neutral-stability curves. 
The stability of a thin liquid curtain with respect to spatially 
as well as temporally changing disturbances is studied by Lin 
(1981). He showed that the liquid curtain is unstable to spatial-
ly growing sinuous disturbances if the Weber number exceeds 
1/2. 
The velocity distribution in a thin Newtonian liquid curtain 
falling between two guide wires (see Fig. 1) is measured by 
Brown (1961), and an equation based on the free-fall velocity 
of a particle is deduced by him. 
The following nonlinear differential equation, for the axial 
film velocity, is also cited in the appendix of Brown (1961), 
and is attributed to G. I. Taylor. 
dx dx V 
1 dU\ 
WHx-)+g (1) 
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here, Uis the velocity in the direction of gravity g, and v is the 
kinematic viscosity. In citing this equation, Brown makes the 
assumption that the lateral component of the stress is cons-
tant, and the surface tension effects are negligible. Although 
the result predicted by equation (1) agrees well with the ex-
perimental data of Brown, the origin and limitations of this 
equation, however, are not well understood. A formal deriva-
tion would clarify some ambiguities associated with this equa-
tion. Also, in the standpoint of engineering applications, a 
closed-form solution for the liquid curtain velocity is highly 
desirable. 
The objectives of the present analysis are to apply the 
Navier-Stokes equation to a falling liquid curtain and present 
a formal derivation of equation (1), and to obtain an 
analytical solution of a similar equation valid for thin liquid 
curtains. In addition to engineering applications, an analytical 
solution will serve as a first order approximation of the veloci-
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Fig. 1 Schematic diagram of a free-surface liquid film flow 
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ty profile in a spinning or a falling curtain. The domain of 
validity for each equation is established by comparing the 
analytical results with the numerical solution of equation (1), 
the experimental results of Brown (1961), and the results from 
the free-fall equation. 
2 Formulation 
Normally, in the spinning or coating processes, the film 
thickness is much smaller than the width and end effects are 
negligible; therefore, we assume two-dimensional incom-
pressible flow governed by the following equations of motion: 
du dv 








/ d a \ 
dv dv 1 / d d \ 
•momentum u-— +v—— = — I ——wxy + ——wyyI 




Here, u and v are the x and y components of velocity and -KXX, 
irxy, etc. are components of the total stress tensor ir, given in 
the standard notation. The density, p, is assumed to be cons-
tant throughout the process. 
We define the free surface of the film by the function F(x,y) 
where 
F(xj)&y-V(x)=0 (5) 
and ij (x) is the thickness of the film at x. The boundary of the 
film is a streamline; therefore, the material derivative of F, 
i.e., DF/Dt must vanish at F=0. This results in the following 
boundary condition 
v = uri' at y = T] (6) 
where ' indicates differentiation with respect to the single 
argument. The surface tension a, creates a stress on the free 
surface boundary. Balancing the surface forces on the boun-
dary yields 




where the components of the unit normal vector n are given by 
nx=-t)'(.ri'
2 + l)-W2, ny=(rj'
2 + \)-y2 (8a,b) 
and the radius of curvature Z is given by 
Z = ( V 2 + 1) 3 / 2 /TJ" (9) 
We decompose velocity u and normal stress TT^ as 
u(x,y) = u(x)+eul(x,y) (10) 
•Kxx{x,y) = W^(x)+eicxx\(x,y) (11) 
here e is in someway related to t\'. The functions u(x) and 
W^ix) are unknowns at this point and will be derived later in 
the analysis. Further below we show that if -q'<<\, then 
e < < 1, and the functions u and -K^ are only weakly dependent 
on y. 
With this decomposition, the integral of the continuity 
equation over the film thickness is given by 
f * / du dv\ 
Jo \ ^ - + ^-)dy = rlii' -eu^x^r,' +v{x,r,) = 0 (12) 
where we have employed Leibnitz's rule to evaluate this in-
tegral. From boundary condition (6), we have 
v(x,v) = uii' +eul(x,7i)ri' (13) 
substituting this relation into equation (12), and integrating 
once with respect to x, results in the global form of the mass 
conservation, 
Q = un (14) 
where Q is a constant representing the volumetric mass flow 
and u is, therefore, the average velocity defined by 
u = — \ udy 
i\ Jo 
(15) 
We integrate the momentum equation over the film thickness 
in the same manner. The integrals of the nonlinear inertia 
terms in the x component of the momentum equation are 
i ' du e
2 
u—-dy = T)Uu'~e-<)'ui(x,ri)u + —A(x) (16) o dx 2 
f i du e2 





Using the decomposition for 7r„ given by equation (11), one 
can show that 
[id — f d f" 





here, irxy(x,0) vanishes due to symmetry of the flow with 
respect to centerline. From equation (7), irxy(x,ri) is given by 
•KXy (X,n)
 =~[-Y~ Vxx (X, V) V (20) 
The integral of the x component of the momentum equation 
over the film thickness, after some manipulations, can now be 
written as 
uu' L'uux(x,t\)~ v(x,7})Ui(x,7])-eA (x) 
= 7^ + "^I"I"IO'- '* ' ] -^- (T-*- ) , ' ' + * (21) 
If the magnitude of x, u, and ut are assumed to be 0(1), then 
for a thin film, y and -q' are 0(?;), where r\ < < 1. Also, one can 
show from equation (6) that I> = 0(T?). Employing the Newto-
nian fluid model, i.e., 
/ dUj du, \ 
(22) 
\ dy /y=n 
where (xx, x2) = (x,y) and («,, H2) = (u, v), we can express the 
y component of equation (7) by 
dv(x,n) a f dv \ 
* ' " - — , ' + 2 p ( — — ) , ' (23) 
dx Z \ dy / y=v 
Since the right-hand side of equation (23) is of order (r/), we 
conclude that e = 0(i72). It can be shown from equation (3) that 
d_ 
dy' 
therefore, to the first order, we can assume that 
-^yy = °0/) (24) 
7ruv — - r n (25) 
where P0 is a constant representing the ambient pressure. The 
expression for pressure is then given by 
raw, i 
p(x,y) = P0-2nu' -2eix\~+ . . . J 
(26) 
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Fig. 2 Average curtain velocity versus distance from the slot; H ex-
perimental result (Brown 1961); , numerical solution of equation 
(1); , analytical solution of equation (29); _ , _ , free-fall equation 
(Brown, 1961) 
The x component of the normal stress tensor can now be writ-
ten as 
(27) 
Note that the functional form of %„ is consistent with the 
decomposition given by equation (11), and therefore, 
* „ = - . P o + V " ' 
Substituting equation (27) for the x component of the nor-
mal stress tensor in equation (21), and neglecting the higher 
order terms results in 
uu =  —u" - — ( — + P 0 - V i ' +g (28) 
If we neglect the surface tension a and normalize pressure such 
that P0 = 0, then this equation reduces to equation (1). 
3 Thin Films 
The effect of the surface curvature can be neglected for thin 
films and equation (28) reduces to 
uu' = 4vu" +g 
We define the dimensionless variables 
1 \ i/3 
\4vgJ u 







and substitute (30) and (31) into equation (29) to get 
<|" = $<£>' — 1 
Integrating this equation results in a first order differential 
equation given by 
* ' = _ - * 2 - f - C (33) 
where C is the integration constant. Equation (33) can be writ-
ten in a more convenient form as 
* ' - * 2 + f = 0 (34) 
where $ and f are defined by 
$ = 2 - 2 / 3 * , f=2 - , / 3 ( f+C) 
To solve equation (34) we use a nonlinear transformation of 
the dependent variable given by 
*(f) 
(35) 
Substituting equation (35) into equation (34) yields the well-
known Airy's equation 
* " - f t f = 0 (36) 
The general solution to this equation is given by 
* (f) = f1/2 [c,/, (Af^) + Cif2 ( - | f^) ] (37) 
where / , and / 2 are the linearly independent solutions of the 
Bessel equation of order one-third and Cx and C2 are the in-
tegration constants. The solution can also be expressed in 
terms of the linearly independent Airy functions ^ , and ^ 2 
(see Abramowitz and Stegun, 1964). 
* = fl,*,(r) + a 2 * 2 (0 (38) 
here al and a2 are the integration constants. The properties of 
these solutions are: (i) For f >0 , one solution decays exponen-
tially as the other independent solution grows exponentially; 
(ii) Infinity is an irregular-singular point; and (Hi) For f <0 the 
solutions are oscillatory, similar to trigonometric sine and 
cosine functions. An oscillatory solution is not physically ac-
ceptable, since it contradicts the primary assumption of thin 
film with a smooth surface, therefore f and C are both 
positive. 
Brown (1961) showed that for f > 10, the curtain velocity 
can be closely approximated by the equation for the free-fall 
velocity of a particle originating at f = 2. This equation will be 
referred to as the free-fall equation. 
Equation (1) is solved numerically for the nondimensional 
average curtain velocity and the results are compared in Fig. 2 
with the analytical solution of equation (29) and the ex-
perimental results of Brown (1961). The velocity profile ob-
tained from the free-fall equation is also included in this figure 
for comparison purposes. The downstream velocity at f = 12 is 
extracted from the experimental results and the velocity gra-





*(12) = 4.6 
^ - = 1 / * at f=12 
d! 
The constant C is obtained directly from equation (33) and the 
boundary condition given by (39); the second arbitrary cons-
tant in the system is ax/a2 which is given by 
a, ¥ ' 2 +$4*2 
where 
¥ ' i + * 6 ¥ , 
f=12 (40) 
*„=2- 2 / 3 $(12) 
The symbolic manipulation software, MACSYMA (1983), 
is used to evaluate the Airy functions and their derivative. 
The results from equation (29) agree with the experimental 
results in the range where f > 3. For f < 3, however, the surface 
effects due to the surface curvature become important and 
equation (1) is more appropriate. 
4 Conclusion 
Information regarding the mechanics of a free-surface li-
quid film is important in industrial coating and spinning pro-
cesses. Film spinning, also referred to as film casting, involves 
drawing a molten liquid from a slot into a thin sheet. The flow 
is extensional type since the draw speed downstream is larger 
than the extrusion velocity. The analytical solution for the 
average velocity, derived above, is applied here to a coating 
process which involves a liquid film falling freely under the 
force of gravity. The analytical solution can also be applied to 
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spinning processes by using the appropriate boundary condi-
tions to compute the constants of integration. The 
downstream draw velocity is a controlled parameter in spinn-
ing processes and can serve as one of the boundary conditions. 
The choice of a second condition, however, is not trivial and 
depends on the particular process or experiment under in-
vestigation. Although the analytical solution was derived for 
thin films, it can also by used as a model for a first order ap-
proximation of the thickness and average velocity of a broader 
class of free-surface liquid films. 
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